We study S = 1 spin liquid states on the Kagome lattice constructed by Gutzwiller projected px + ipy superconductors. Depending on the topology of the fermions, the obtained spin liquids can be either non-Abelian or Abelian. By calculating the modular matrices S and T , we confirm that projected topological superconductors are non-Abelian chiral spin liquid (NACSL). The chiral central charge and the spin Hall conductance we obtained agrees very well with the SO(3)1 field theory predictions. The NACSL may be stabilized by a local Hamiltonian. From a variational study we observe a topological phase transition from the NACSL to a Z2 Abelian spin liquid.
Since the discovery of fractional quantum Hall (FQH) effect 1,2 , topological order became a fundamental concept in condensed matter [3] [4] [5] . In contrast to usual longrange orders characterized by spontaneous symmetry breaking according to Landau's paradigm, topological orders are characterized by the topological degeneracy of ground states on a manifold with genus and the fractional bulk excitations with a nonvanishing gap. For instance, the FQH liquid with 1 3 filling has three-fold degenerate ground states on a torus and its quasiparticle excitations, called anyons, carry e 3 charge. The chargee 3 anyons respect fractional statistics, i.e., the many-body wave function obtains a Berry phase e iπ/3 if one anyon adiabatically exchanges its position with another one (called braiding). More interestingly, the Pfaffian state proposed by Moore and Read 6 for the ν = 5 2 FQH liquid 7, 8 supports non-Abelian anyons in the vortex cores. The braiding of non-Abelian anyons is equivalent to operating a matrix on the degenerate states instead of multiplying a U (1) phase factor 9, 10 . The non-Abelian topological orders have potential applications in quantum memory and quantum computation 10, 11 . Besides FQH systems, gapped spin liquids also exhibit nontrivial topological orders. For example, the Kalmeyer-Laughlin chiral spin liquid 12 supports semionic anyons, and the short-range resonating valence bond (RVB) state on a two-dimensional (2D) non-bipartite lattice carries Z 2 topological order 13 . In seeking of spin liquids in realistic microscopic models, antiferromagnets on the Kagome lattice have been widely studied [14] [15] [16] [17] [18] due to its strong geometric frustrations, which is necessary for suppressing Néel order. From experimental side, promising candidates of spin liquids have been synthesized, such as the Herbertsmithite realizing the Kagome antiferromagnet 19 . Recently, S = 1 antiferromagnets have attracted lots of interest from experimental, theoretical and numerical sides. Several exotic spin liquid phases, such as U (1), Z 2 , and chiral spin liquids, have been proposed in S = 1 spin systems [20] [21] [22] [23] [24] [25] [26] . In this paper, we construct both Abelian and nonAbelian S = 1 spin liquid states on the Kagome lattice. These wave functions are constructed by Gutzwiller projection of p x + ip y -superconductors in the fermionic slave particle representation 27, 28 . It is shown that the topology of the fermions determines the physical properties of the spin wave function after the projection. The projected topological superconductors are non-Abelian chiral spin liquids (NACSL), which is verified by calculating their modular matrices T and S. We show that the NACSL has quantum spin Hall effect where the spin Hall conductance is quantized to 1 2π . On the other hand, the projected trivial superconductors are Abelian Z 2 spin liquids without spin Hall effect. We study a spin Hamiltonian for which the spin liquid states might be stabilized as its ground states. By tuning the interaction parameters, we observe a topological phase transition from the non-Abelian spin liquid phase to the Abelian spin liquid phase.
Construction of Gutzwiller wave functions. Following Ref. 27 , we introduce three species of fermionic slave particles C i = (c 1i , c 0i , c −1i )
T , called spinons, to represent the S = 1 operators as S pairing term has odd parity, the pairing symmetry on the Kagome lattice can be either p-wave or f -wave, depending on the angular momentum of the 'Cooper pair'. Here we will focus on the (p x + ip y )-pairing states with variational parameters χ ij = χ * ji = χ, ∆ ij = −∆ ji = ∆e iθij (θ ij is the angle between x-axis and the bond ij) and the 'chemical potential' λ. In the weak pairing region −2|χ| < λ < 4|χ|, the mean-field state is a topological superconductor with nontrivial Chern number 29 . On the other hand, in the strong pairing region λ < −2|χ| or λ > 4|χ|, the Chern number vanishes and the mean-field state is a trivial superconductor.
To go beyond the mean-field theory, we need to consider the low energy U (1) phase fluctuations of the variational parameters, which are Higgsed into Z 2 gauge fluctuations owing to the fermion pairing. Alternatively, a RVB wave function can be obtained by a Gutzwiller projection of the mean-field state,
where P G is the Gutzwiller projection operator that enforces the onsite particle number constraint 30 and |BCS is the ground state of the mean-field Hamiltonian (1). In the following we will provide evidence that the projected topological superconductors are non-Abelian chiral spin liquids. On the contrary, the projected trivial superconductors are Z 2 Abelian spin liquids.
Response field theory and Integer Quantum Spin Hall effect. In the topological superconductor, each flavor of fermions has nontrivial Chern numbers, so we expect that the system has nontrivial response when it is probed by SO(3) symmetry twisting fields A ij , where
z behave like external SO(3) gauge fields coupling to the spins.
Owing to the SO(3) gauge invariance, we expect that, after integrating out the fermions and the Z 2 gauge fluctuations, the following SO(3) 1 Chern-Simons response theory describes the low-energy physics in the hydrodynamic limit:
with k = 1. The SO(3) 1 Chern-Simons theory supports non-Abelian anyonic excitations, indicating that the spin wave function (2) describes a non-Abelian spin liquid. If the probe field only contains z component,
then we obtain the spin Hall current,
is the strength of the probing field and the spin Hall conductance is quantized to 1 2π . We can study the response of the spin system from Gutzwiller projected wave functions. From Laughlin's gauge invariant argument 31 , the spin Hall conductance can be obtained by measuring the spin pump of the Gutzwiller projected state in a cylinder when adiabatically inserting a symmetry flux Φ z (see Fig. 1(b) ) in the mean-field Hamiltonian
is the symmetry flux through the cylinder. Our numerical data for the projected ground state of H mf (Φ z ) is shown in Fig. 1(c) , where the spin Hall conductance is given by
Alternatively, the spin Hall conductance can be obtained by calculating the many-body Chern number on a torus with twisted boundary conditions 32 . When using the latter scheme, the many-body Chern number we obtained is also 1, which agrees with the result from Laughlin's gauge invariant argument.
Similar to electronic quantum Hall states, the bulk of the NACSL is gapped and the boundary is gapless. This is verified by computing the spin-spin correlation functions (see Supplemental Material).
Ground-state degeneracy and modular matrices. Now we show that the projected topological superconductors are Ising-like non-Abelian spin liquids. Without lose of generality, in the following we will consider projected state with parameters χ = −1, ∆ = 1, λ = 1.5. The Ising-like topological order contains three kinds of anyons (I, σ, ψ) with fusion rules σ × σ = I + ψ, ψ × ψ = I, σ × ψ = σ. Here I is a trivial anyon which stands for the vacuum, ψ is a fermion and σ is the Ising-like anyon (this topological order is named 3 B 3/2 in Ref. 33 ). We first figure out the ground-state degeneracy. Noticing that inserting Z 2 gauge fluxes through the two holes of the torus (which is equivalent to switching the fermion boundary conditions from periodic ones to anti-periodic ones) does not change any local physical properties of the spin system, so we have 4 different mean-field states labeled by the Z 2 fluxes in the holes (0, 0), (0, π), (π, 0), (π, π). However, not all these states survive after the Gutzwiller projection. In fact, the state (0, 0) has odd fermion parity, so if the lattice sites are even, this state vanishes after projection |P G (0, 0) = 0.
The three remaining states survived after Gutzwiller projection are degenerate in energy as long as the spin interactions are short-ranged. Now we further show that these three states are orthogonal to each other. To this end, we calculate the overlap between these three states on a torus with 10 × 10 unit cells. With 3 × 10 8 steps of Monte Carlo simulation, we obtain
These results indicate that the three states are orthonormal up to errors of order 10 −3 . So we conclude that the degeneracy of ground states on a torus is three. This result supports the Ising-like topological order of the system since the degree of ground-state degeneracy on a torus should be equal to the number of simple anyon types.
To completely identify the topological order, we need to calculate the modular matrices S and T 34, 35 . S and T are the representation matrices of the corresponding modular transformationsŜ andT on a torus, whereŜ is a 90
• rotation andT is a Dehn twist. The two transformationsŜ,T generate the modular group of a torus. We apply the method proposed in Ref. 36 to calculate the T x and T y matrices, namely, the representations of the Dehn twist along x-and y-directions respectively. The basic idea is to adiabatically perform the Dehn twist with many sub-steps and then calculate the Berry phase in the whole process via wave function overlaps. To enhance the overlap of wave functions, each step of the Dehn twist is realized by shifting the boundary-crossing couplings by one lattice site (also see the Supplemental Material). Generally, the size-dependence of the Berry phase (in our calculation we have set
where L x and L y are the number of unit cells along x-and y-directions, respectively) is given by
The intercept α is universal and only depends on the topological order. Notice that the Dehn twist can interchange or, in general, mix the degenerate states in the ground-state subspace. For simplicity we denote |P G (π, 0) , |P G (0, π) and |P G (π, π) as |x , |y and |xy respectively. The Dehn twistT y keeps the sector |x invariant and exchanges the sectors |y and |xy . We denote ϕ x,x as the Berry phase of |x during the Dehn twist. Since the Berry 
where e iδ = e i(2αy,xy+αx,x) = e −0.0274πi . In this form, the diagonal entries of T y stand for the self-statistics angle of anyons (the prefactor e iαy,xy is chosen such that the statistics for the trivial and fermionic anyons are exact), and the entries of S are proportional to the mutual statistics angle between different anyons. The phase factor e iδ in S is owing to numerical errors. From the S matrix, we can read out that the quantum dimensions of the anyons are 1, √ 2,1, which are consistent with those of I, σ and ψ, respectively.
From the T y and S matrices, we can obtain the chiral central charge via the relations T y = Non-Abelian anyon carries fractional spin. Although the spin Hall conductance is not fractionalized, the nonAbelian anyons do carry fractional symmetry charge. To see this, we study the spin momentum of the vortex core of a π-flux [see Fig. 3(a) ], which traps three Majorana zero modes at the mean-field level. After Gutzwiller projection, the three Majorana zero modes in the π-vortex correspond to a non-Abelian anyon (actually it is a composite anyon protected by the SO(3) symmetry, see Supplemental Material).
We calculate the correlation of spin momentum S z 3 for two triangles, where S z 3 stands for the total momentum of the three spins on the vertices of a triangle. As shown in Fig. 3(b) , if each triangle contains a π-vortex, the correlation converges close to − 1 4 ; in contrast, if there is no π-vortex in the triangles, then the correlation converges to 0. This verifies that the non-Abelian anyon carries spin-1/2 similar to the edge states in S = 1 Heisenberg chain 30, 37 . Strictly speaking, the NACSL phase is an SO(3) symmetry enriched topological phase 38 , since the degeneracy according to the local spin-1/2 degree's of freedom is protected by SO(3). If we break the symmetry by a weak magnetic field, then the local degeneracy will be lifted and the composite anyon corresponding to the π-vortex reduces to the simple anyon σ.
A Gutzwiller projected trivial superconductor can be adiabatically connected to a nearest neighbor RVB state, which has 4-fold degenerate ground states on torus and contains Z 2 (Abelian) topological order. As shown in Fig. 1(d 
where J 1 , K > 0, and i, j, k goes counterclockwise on each equilateral triangle (generally the three-body interactions on skew triangles also exist but are ignored here for simplicity). The J χ term preserves SO(3) symmetry but explicitly breaks time-reversal symmetry, which may help to stabilize the NACSL state (see Supplemental Material). Minimizing the energy of the projected p x + ip y superconductors with respect to the Hamiltonian (3), we obtain a tentative phase diagram with two spin liquid phases, as shown in Fig. 4 . It is notable that the quantum phase transition between the two spin liquids is a topological transition since the two phases have the same symmetry and only differ by topological orders. We also use an Abelian chiral spin liquid state 42, 43 (projected Chern band insulator) as a trial wave function and find that its variational energy is generally higher than the NACSL. However, we cannot rule out the possible existence of symmetry breaking phases 44, 45 which may appear in the phase diagram when K is large enough. The full phase diagram of the Hamiltonian (3) is an interesting open issue and deserves further investigations.
The non-Abelian anyons can be used for topological quantum computation. A natural question is how to trap and control the non-Abelian anyons. Since π-vortices traps Ising-like anyons, the question becomes how the π-vortices locally change the spin interactions. Noticing that the π-vortex in a triangle reverses the sign of the three-body interaction (see Supplemental Material), the non-Abelian anyons can be created locally by defect triangles with a −J χ interaction 46 . The method of studying the Ising-like topological order in the present work can also be applied to study other topological orders.
We thank Zheng-Cheng Gu, Jia-Wei Mei, Wei Zhu, which is essentially three copies of p x + ip y superconductors. The projected states can also be written as 
here m i , n i , p i are the positions of the c x , c y , c z fermions in the configuration |α , respectively. The particle numbers of c x , c y , c z are arbitrary, the only constraint is that their sum is equal to the number of sites. If the superconducting bands have nontrivial Chern numbers, then a ij ∝ |r i − r j | −1 at large distance and the projected spin wave function resembles the pfaffian states given in Ref. 22 and 28. In the topological superconductor, since each flavor of fermions have nontrivial Chern numbers 1/2 (the halfquantized Chern number is owing to particle-hole redundancy), we expect the system has nontrivial response when it is probed by symmetry twisting fields. Based on the mean-field theory, the spinons will couple to not only the gauge fluctuations but also the symmetry twisting fields (behaving like gauge fields)
where
z is the external SO(3) probing field corresponding to spin rotation symmetry. Owing to SO(3) gauge invariance, we expect the following SO(3) 1 Chern-Simons response theory (in the imaginary time formalism and in the continuum limit) after integrating out the internal gauge fluctuations and the fermions,
where k = 1 is twice of the fermion Chern-number since both the c 1 and c −1 fermions carry symmetry charge and contribute to the response. The SO(3) 1 Chern-Simons theory supports Ising-like non-Abelian anyonic excitations, indicating that the spin ground state is a nonAbelian spin liquid. The SO(3) 1 Chern-Simons action is not gauge invariant under SO(3) gauge transformation if space-time has a boundary. The gauge anomaly can be canceled by a SO(3) 1 chiral Wess-Zumino-Witten term, which can be represented as three species of chiral Majorana fermions at the boundary. In other words, the boundary is described by SO ( From the discussion above, the response field theory predicts that the bulk of the NACSL is gapped and the boundary is gapless. We checked this numerically and the results are shown in Fig. 5 . The spin-spin correlation in the bulk fits well to an exponential function, which confirms that the bulk is gapped; while the spin-spin correlation on the boundary fits better with a power-law function, in agreement with the fact that the boundary is gapless. Now we focus on the π-vortex. According to Ref. 29 , the π-vortex core traps Majorana zero modes in a topological superconductor. In our case since the three copies of fermions c x , c y , c z have the same mean-field Hamiltonian owing to the SO(3) symmetry, a π-vortex will trap three Majorana zero modes γ x , γ y , γ z (where {γ m , γ n } = 2δ mn ) in the weak pairing phase. In the following we show that these three Majorana zero modes vary as spin-1/2 under spin rotation.
The three Majorana operators form an SO(3) vector. For example, under the rotation e iŜzθ , the operators varies as
where S z is the operator acting on the degenerate Hilbert space of degenerate of the Majorana modes. It can be checked that the following expression satisfies (B1):
Similarly we have
from which we can conclude that the spin quantum number of the Hilbert space for three zero modes is 1/2. Since the Gutzwiller projection does not change the quantum number, after projection the spin-1/2 degrees of freedom remain at the π-vortex core. To verify this result, we numerically calculated the cluster spin correlation function for two π-vortices, as shown in Fig. 3 in the main text. The two vortex-cores can form a spin singlet or a spin triplet. If the distance between them is by far larger than the correlation length, then the singlet and the triplet are degenerate in energy. In Fig. 3 the calculation is performed in the singlet state.
Notice that each π-vortex not only carry a local spin-1/2 degrees of freedom, but also carry a nonlocal Hilbert space similar to the Ising anyon. Generally, braiding of the two π-vortices results in a non-local operation (which generates entanglement) together with a local spin rotation for the spin-1/2 degrees of freedom. Actually, since the π-vortex is shared by the three copies of p x + ip y topological superconductors it is essentially a composite anyon : σ × σ × σ = (1 + ψ) × σ = σ + σ. If the SO(3) symmetry is explicitly broken by a magnetic field, the local degeneracy will be lifted and the composite anyon will reduce to the simple anyon σ.
Appendix C: Calculation of the modular matrices
The T matrix can be obtained from the universal wave function overlap ψ m |T |ψ n , whereT is a Dehn twist operation of the torus. Generally, the overlap after a full Dehn twist is exponentially small with the increasing lattice sites. To solve this problem, we apply the trick introduced in Ref. 36 to divide the Dehn twist into many substeps such that in each substep the wave function changes adiabatically and the Berry phase can be obtained with a relatively high accuracy.
The Dehn twist is first separated into L y steps, in each step, the couplings crossing the x-boundary is shifted along y-direction by one lattice site(see Fig. 6 ) such that
Noticing that during the shifting, some bonds cross the y-boundary and the sign of the coupling is affected by the y-boundary condition. After a full Dehn twist T y , the boundary conditions (0, π),(π, π) are shifted into (π, π), (0, π) respectively, and the boundary condition (π, 0) remains unchanged.
Secondly, to make the twist more smooth, each step is further divided into several sub-steps by a parameter 
In our numerical calculation, we take discrete values λ = 0, 0.25, 0.5, 0.75, 1. The Berry phase is obtained from the overlap of the projected ground states of above Hamiltonians φ(t, λ) = Im ln t, λ|P † G P G |t, λ + δλ , where |t, λ is the mean-field ground state of the Hamiltonian H(t, λ) and the total Berry phase is given by ϕ(L 2 ) = t,λ φ(t, λ).
For the sector (π, 0), after a full Dehn twist T y defined above, the Hamiltonian goes back to itself. So the evolution path is closed and the Berry phase is well defined. We have deformed the Kagome lattice with Lx = Ly into a square. The blue dashed lines stand for the x-boundary couplings before the twist, and the red solid line means the x-boundary couplings after one step of twist. Some of the red lines cross the y-boundary and the signs of the corresponding couplings are modulated by the y-boundary condition. As a result, after a full Dehn twist, the x-boundary condition will be modulated by the y-boundary condition.
However, for the sectors (π, π) and (0, π), since a full Dehn twist exchanges them, the path is not closed. If we act the full Dehn twist twice, the path will be closed and the Berry phase will be well define. The Berry phase for half of the loop (a single Dehn twist) is defined as half of that of a double twist.
Finally, the Dehn wistT x can be transformed intoT −y (the inverse ofT y ) by a global 90
• clockwise rotation. The rotation does not affect the Berry phase, so we obtain the following relations: ϕ y,y = −ϕ x,x , ϕ x,xy = −ϕ y,xy .
